This paper considers the problem of pure time delay in the Active Queue Management model, the delay element is approximated by using Padé and Laguerre presentations. Hankel norm is used to determine the order of truncation. Quantitative error bounds on delay approximations are given and calculated. The approximated models are compared with the exact model with delay to determine the efficiency of the presented methods. The example presented in illustration is the model of Congestion control in Internet Protocol.
Introduction
Traffic congestion of the Internet is one of the major communication problems lived by millions of users. Many works have been devoted to improve the internet congestion control and several mathematical models of AQM (Active Queue Management) schemes supporting TCP flows in communication networks have been proposed, [1] .
In fact, a fluid model of TCP dynamical behavior was developed; it uses the theory of stochastic differential equations. The model describes the evolution of the variables on the network such as TCP Window size and Queue length.
Based on some reasonable assumptions, we get the following relations [1] - [2] - [3] : 
(1)
Pade and Laguerre approximations
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The equilibrium point is defined by
, and the linearization of (1) and (2) at this point gives:
We apply Laplace Transformation to (4) and (5), and, then we get:
This leads to:
Where:
So, the linearization of equations can be modeled as a two-order with delay plant transfer function. We will apply the Padé and Laguerre approximations to the delay in the transfer function, and we will try to get an approximation near the true system through the choice of adequate degree.
Notions
The approximation methods used most widely in practice are based on the presentation of the delay element as a ratio of two polynomials ݁ ି௫ ൌ ሺି௫ሻ ሺ௫ሻ where q n (x) is a stable polynomial of degree n.
• An r th -order Laguerre approximation of e -s is :
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• General r th -order trandfer function :
• All pass r th -order transfer function of the form
• An r th -order of Pade approximation is :
Padé approximation
[1] The Padé approximation is often used to approximate a pure time delay by a rational transfer function. As we know, most control design algorithms cannot handle time delays directly.
A common technique is to replace delays by their Padé approximations (all-pass filters),but because this approximation is valid only at low frequencies, it is important to compare the true and approximate responses to choose the right approximation order and check the approximation validity [1] .
The Padé approximation for the term e −sL is given by:
(r represents the order of the approximation).
Laguerre approximation
The Laguerre polynomials, named after Edmond Laguerre • An r th -order Laguerre approximation of e -s :
Hankel minimum degree approximation
A Hankel matrix, is a square matrix constant skew diagonals (positive sloping diagonals):
The error bound of a system is computed based on Hankel singular values. For a stable system, Hankel singular values indicate the respective state energy of the system. Hence, reduced order can be directly determined by examining the system Hankel Singular values. This method guarantees an error bound on the infinity norm of the additive error ∥G-G RED ∥∞ for well-conditioned model reduced problems
Error bounds
[5]- [6] Let e -sd be approximated by an r th -order transfer function Gr(s):
• For the r th-order Padé approximation, the weighted infinity norm error is given by: ቛ 
• For the r th-order Laguerre approximation, the weighted infinity norm 
The deviations from the true infinity norm of the above formulae is less than 0.01 over the range 
Application
We will apply the notions taken in section 2 to the active queue management model, we will calculate the error bounds, made some approximations of Pade and Laguerre, we will compare these reduce models with the true one in simulations and we will calculate the Hankel degree adequate to the energy of system,
Calculation of the error bounds:
Pade Laguerre 
First order Padé approximation:
[1]The first order Padé approximation of the time-delay term is: (6), we obtain the following rational transfer function G f (s):
Let's R=0.06 s, C=15 Mb/s, and N=10;
We will compare the step responses of the First order Padé approximation Gf(s) given by (16) and the true system G(s) given by (6) .Using Scilab, we get this figure: We see clearly that the approximation error is too large.
To get a better approximation, let's try a second-order Padé approximation of the delay.
Second order Padé approximation:
The second order Padé approximation for delay is given by: We see now that the responses match closely, and we conclude that the second order of Padé approximation is adequate to approach the true system.
Laguerre approximation
Consider Padé, Laguerre approximations with r = 2,5,30, we simulate the responses of these systems and compare them with the true one. We see that similar results are observed for the shift Laguerre -Padé 5 and Laguerre -Padé 30 Fig.3 comparison between the step responses of the exact system and Padé laguerre approximations for orders 2,5,30 approximation Consider Padé, Laguerre approximations with r = 2,5,30 and the true system. The time responses for the full order system, the reduced second, fifth, thirty order systems are shown. For all approximation models, , the difference in the time response appears only in the steady state value It is observed that all three approximation models give almost the same results with the same rate of decay. These models closely approach the full order model.
This result shows that in the low pass frequency range the approximation methods have similar approximation capabilities. 
Hankel norm
Conclusion
The paper considers the problem of the pure time delay element approximation by Pade and Laguerre, representations. It is shown that time delays can be approximated successfully. The Hankel norm is used to reduce the order of the weighted time delay approximations. Methods for model reduction are tested into the active queue management model in internet protocol and the corresponding errors are calculated. The results obtained confirm the efficiency of the shift operators Laguerre and Pade approximation of time delay elements.
